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ffiMajorizationt 5 Fl & i I Schur ™ ELi . I £ 7T 702 4L & 4% R BRI EUZ s 5L, &
B IEAT TR . | X/ MERTE AR TPk Lo 25 S5 UE MR BEFE E AT X ANALHESE
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1. N™4H

AICHEEIF IR =R g 5 st (BMUSRR ) - IEACEE . AR MR T
EAI) N T AN BRITIT A A ST R A 52 SSTE B FEUIR T FUSEEG,  BR T SR Bt B I AL
SRS, SEAEARRAREE gD SER A o WM AL B v AT AT A ST R .
X IERPIE 3 R 713, HiBox, Hunter and Hunter (1978) $& H 5 K20 )1 LA K i Fries and
Hunter (1980) #i& i 5 /IMIC I VB 2 W e AT TS IR PR IE AT vt 3 7 AL L H4E
A, SEIG BT AT AR SR B AR E P 7 o S AR B, K i Plackett-Burman i
1 (Plackett and Burman, 1946) B 7 WAl R0, MBS BB A8 BN MR By AR SL01AT
{10 g /M TR 24 E ) H e i I E LA 1 8ei, 5ok Ma and Fang (2001) F1Xu and Wu (2001) A
WA, Dbzt 7, R SR AMICH R AR . B vert, SRR 22 ) (2
W Fang and Wang, 1994)) Z#i g ol . w58 Lo-f % (2 ILHickernell, 1998 FlFang and
Mukerjee, 20000 VAT AEHTHE M B W 2% (2 W.Hickernell and Liu, 2002 FflFang, Lin and
Liu, 2003b) FriC. T HMAB, FATMAAARZ FHEN Bkt —=MMUE, E(s?) (Booth
and Cox, 1962). Ave(x?) (Yamada and Lin, 1999) FlAve(f?) (Fang, Lin and Ma, 2000), %
PRl K KR 2 /KB AN Bt LY P IR 1 2 TR R IR AT R
Rl A 2 HEW, AN H SRR R, U A a e g v e, FriE e
FAMGHISENT . — R ARAERGEE K, 72 BARIK S I3 7% B AT 2 00 BERVRIE R TH I, [
29n] WABAMTN R LN o XA TRATI T AR BARR IR 1) IR L8002 ()47 JoAH .
KIK? 2) BATTREMR I — PR 4 — B8 —HEQL? fEX R SCRE A XA ) 3%, 12
FMajorization A~% 3 18 (Mashall and Olkin, 1979)%HRE B TH45 H—FlH AL AL HESE



2. RALHEZE

MajorizationAs 25 xC g A Y5 T A6 e BN I &, 5 kgl 2 NV H OF 7 AR 2 Bk &
.o T2 WMarshall and Olkin (1979), ATAEXAFEAENH o XA BmK B 1) FE 5 )
#Hx e R, BRI GERED W\r?éﬁif%ﬁ%ﬁglﬁxm S < S By Xx,y e R, Wik

k k m m
Zx[r]EZym, k=1,2,---,m—1 FH Z-Trzzyr» (1)
r=1 r=1 r=1 r=1

AT Bixpiywhds, REMx < yo WHTL <k <m-1, %@’/I\ﬁ?f*/l\zllex[r] >
Sy, BATAT AT AR I R T . <y AERT I ANSEER B, W
XIx < y#H R (x) < 9(y), MAMBRERFR A JESchur™ ). Schur™ By (x) R &R 20 R
P, AT R T X HFR,  JLANSchur™ b8 E50AH 0 B85 AH IR A48 & Schur ™ 1) . —FRRI
(I Schury™ B HEAF— 2, MMAT B R R, IR Y (x) = S0 h(a,), HAh(z)H)
ZHrRHR (2) > 00 A4 BRI A 2, B ok RIS alogr, HB AR W 5]
o
WX (n, ¢%) InX MsH 7R K:, BB S KT —A Pk &A1 gk F
WL IR B S, BPFRATTH W UK R &, e A P A U (n, %) . ST IE
LTRKOA(n, s, q,t), MIELMBEL > 20, FJETUMN, )M FHE. FEt = 2, RaofhFA 2
Ks(g—1) <n—1; Ys(g—1) =n—1, ZRIHH; 2 WEA ) B PR~ 2 18] 1) E AL
PR, XFER B R R R . KIH B, 0 R IEAS W R Ay st ik B TP ok
£U(n,q%), BMELLE(s?), Ave(x?) FlAve(f?)ifi1E R WA BB AGI A . BATTIEA SO
LA AE 222 D e v RN S . B H, 8D (n, ¢°) 8Pl e v i IE A 1), e B
RUMN, )RS, WATLUEU(n, ¢*) A T4,

HammingF 8§ 7E P B ok b 28 R R E . vk AR AN S8 58 fix, x; Z (Al Hamming
BB(xq,x5) & XA ME ZBIANE G BN XDt X (n, ¢°), RATE LE R4 B0 S
BE=w]

B(X) = (51,62, Bnn-1)/2)"-
H TR, idm =n(n —1)/28%MENKE. FEC(xi,xk) (1 <i<k<n)fE—XNT
A KRB BB, 1)+ k—i(i1) 2 TG TR o AT A AL B BETE CRIG A — ANl i = AT 48
ey B SR B AT — A B AR A BB R N IRF g A
H, FATE Fl— 252

Lemma 1 P iHEU (n, ¢* ) IAERTBEV )4 BB 20 1 ARV ME— 2 1, 55T 4t sn .

XA 5B L FR AT AT DU R R Majorization® 4, AT A B R B ) B8 AE =
nsla=D) 5 Hid e 4 BER B 5 (3, B, ..., B)NB. BIBUSEE, BHALHESS & LR

q(n-1)’

Definition 1 5 & 4T & BV w vh 25 0, B35 A i i AN % 1 X, XofF 7E K RB(X,) <
B(X1)s WX B AATEVFR, R WAVl WRAAEX,

B(X") X B(X), MEF X € D(n,q"),



Table 1: #& [JUs7 (3%) 5%, 3% Hhttp://www.math.hkbu.edu.hk/UniformDesign/

U(27,3%)[12345678910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
1 231311123213 3213131222132 213
2 23111333213 2 31212222333 21171
3 33222212113 2 1113321232131 33
4 223123213213 3312122132131 3]1
5 23223311313 1233 311232221112
6 1112132123 2 2121333333 231122
7 233312311111 23 2232131233221
8 3131223123 3 3 3113 21131222212

WX*ED(n, ¢*) T MajorumBe it e ML E I Schur™ %R0 (-), € CREUEY(B(X)) A
WX (n, ¢°) I SchurRE o WH:— AN SchurfUERAED (n, ¢°) Lik B i/, FATIFRE M %
T Schurt™ % R E) () I Schurf R B it o

TEXAECH, ATFIANT WA B LW HVEGTE, Majorum¥ i, Schurki # flSchurfy
DLt BATAT LK EATA0 3 AP Z R 1) ™A Majorizationf%:; 2) R iGISchur™ Lk
Bo FEH 2R, (1) Majorization/7 K LD (n, ¢° ) H & v 4 BEE B 0] &, & 50 HERR
ANEVFRE . WK B MajorumBevt, WINZRIBEGER s 15 24500~ AT REHR 2R 2 (157
Berk, BN ZERAEM R . BT TR RSchur ™A% B3, B U Schur i 2 — ML
B, BT DT AN [R]85 VF U v R 0T AT 28 M LU A K/ o Schur ™M A% R EURIEREIR AL e, Rk
Mg — Mk B AR 3.

Example 1 # JE27TAN £ 85, 8ANZK-F B F6) £ % i%3t, & fFang, Ma and Winder
(2002) 849 ¥ £ 383t £ Us7(3%), £ 3| FTable 1. BAnEAIA T 7| Lo 42 SANE F 2 a944
R E, FIMA MR R K, EIFHRAU(27,3%) 094 F F Tkt £ 2 4koh A et

E

B () = 0By Fakit, MARABIGGT R AD(27,3%). A TERFHE, KMNAF
#EwAFRIt: X, ={1,3,7,8}, X, = {2,3,7,8}, X. ={1,2,4,6} and X4 = {1,4,5,6}.

o % — K. Majorizationt 3
BAFRIHGLEIEBQTRAN () =351, FA972, HFE&I;AFHI], HHEHER
Fo@1 &, J-EF Majorizationty 7 kA in, 4R 2
B(Xa) < B(Xe) < B(Xa), B(Xp) < B(Xe) < B(Xq).
Bk, X FoX 4R 2 REFikit, REX R EFAREX, RD27,34) M 691 k% it
J&, X FeX, #RA T ZFiot.

o H—EX: Schur'itizx
KAV ZASchurdy # &2 A G, A ALKEZHK (p > 1), FhEF EZAEHR
W& 4, e REX, AR E Fi&iX,, Xy, Xe, Xg89Schursk & ¢4 S48 4 R 71



Table 2: Schur® b a9 i R, 2: LRE &4 Fp = 1.5. &G —F) #9¢(B8)1A A Schurs & 49 F
I

Schur-convex kernel »(B) X X X, Xq | ¥(B)

m 1/p
L,-norm function ( ﬂ:) 140.69 140.77 140.91 140.94 (137.79

Standard deviation |, /1 3" (- ) 0.7994 0.7994 0.8205 0.8240| 0

Negative entropy > Brlog B, 1032.44 1035.26 1037.31 1037.83(990.05

r=1

A Table 2, RAVK I, 3FTiX =FF RE] #9Schur b4 k3, WANE T 49 Schursk F 8 /4 — 2
G HET R
P(B(Xa)) < Y(B(Xp)) < (B(Xe)) < P(B(Xa))-

PG00 B R Ay QAN IEAE, X Ao XG0 9 A A3 EZGRI, JTXFREA
X, :(0,0,10/9,8/9); X, : (0,0,46/27,20/27)

AR Lotk 2 AW La(X,) = 0.4242F2W Lo (X)) = 0.4245. T ALHmdt, 23R D(27,34) 1%k
ZIR F A T0N G, X FARIE /] A B 7SR AMRR R A 69 B 20K, R 2R
AT B Lo £ 69 3 935t

— kUL, AN T AT ASchur A% R, — AMMajorum i v 1 i€ 1 & Schurdp A 1%
T AHRZ A2 AT . IR PR 78 225G 2 BT T 1) o B O

Theorem 1 XU(n,¢*) F RPN EHX, Xo, B(X1) < B(Xo) 4 HACE KT R Schur'™ ¥ b4
Hp ()R (B(X1)) < Y (B(X2))o

WG Majorization NEE RIS, FATEREIR B XM HE H SchurBeR 1) T 7.

Theorem 2 X AT & 7l 5 45 52 (I Schur™ #% B B0 (), P B X (n, ¢°) I Schurf R B K
Ap(B), B = (B,5,....5), §="sl]).

E PR R FRREHEU (n, ¢ ) TP AR BE BV XA B, XTRBE PN AN [R] 56 56 A i Hamming £ 25 2
Miﬁné(q 1)0 HIRIIEAZROA(n, s, ¢, 2)fH 5 —F IR I A BR BV HT = AT Z 7] i Hamming #h
) jil)\ = n/q — B R T A R o A ER TE, B Lin (1993) H *¥:Hadamard J5 ¥
HiFang, et. al. (2003a)H] A 73 i FE) 15 AN X ZH Ve vt T b e (R B AN e v 2 S5 B AT o
2T EWBIFU27,3%), ST TS 2 W Table 210355 —41. AT, HT68 = 52 JrdRd
0, IR AN 3 5E L 4] R 5.




3. HAERSchur™ i

AT BATIF U AT 43 B8 1A 20 A A% o B FER ) Schur ' FLS, SRR BRI IEAS k. — A
(S 2 R T T R MK IR S AL 4 A Schur ™ LEA IS I . T R
BB AL HE N B KA 0 S/ MBI IR AL R 6 AT BT IR B /N G TR A S i M R e
FRATTIRI 2 A B Schur ™ BUASE AT P 41 SEE DU BB R ADoK o

I X MEB R 2 (RIFRGMA) #EIU H1Ma and Fang (2001) F1Xu and Wu (2001) $2H1,
BT PR AN 2O S G R ), BGRB8, Cln O . B A TN ) L s B AS T,
T, FTCARRAH R SR (R MR AL (U RO . R Y o AR SRR R 1)
R e 1 A8 28OS AT IR AN R 200, AT 7 AR AR RO A T IR TR o GMLAE JU) R 7 AR 2 3
BT T AT RE VR . B IEANOVARLAL,

y =ool, + X(l)al + ...+ X(s)as + &,
HrhyREn N WEAE, 1, &2 RN &, aod I8, o2& P A 1 H A8 B3N 1) 2
o, X FEFEACTXT Y T o (R EL. e R B RGERZE i 2 X
1 2 .
AJ(X) = EHXO)HF:‘H(XE)X(]))’ 7=1,...,s (2)

Horpt||-|| AR FrobeniusHiFETEE, VE15 12 WXu and Wu (2001). 47 15 (A1 (X)), . .., A(X))#
FRAT KM (RRGWP) o X H A1 5] ¥ Fang and Zhang (2003)1— Fl &8 73 HE 7 o
Xx,y € Ry, Wikx — yWMEAERSELAE, RMdAxFy: Wik yorx =y,
AL Ax Fy. T, (Ai(Xh),. .., As(X) B (A(Xa), ..o, Ag(X2)) AUERX MR K E
HEXo/he GMABHHX* (1, ¢°) 5 AN FIAE (R HAB BT X (n, ¢ U #AT (A1 (X¥), ..., A(X¥)) =
(A1(X),...,A5(X))s Ma and Fang (2001) FIXu and Wu (2001) i& 2% T MacWilliams%§
:{(MacWilliams and Sloane, 1977) ZET45H T it HIR Mg BLIE 1R R,

A;(X) = %ZEZ(X)Pj(l;s,q), j=1,...,s, (3)
=0

HrhPy(;5,q) = S0 _o(=1)*(g—1)7~% (L) (371 EKrawtchouk ZIRK, (Eo(X), E1(X), ..., Ey(X))

w=0 w/ \j—w

KX (n, ¢ )BT, BRI RN
1 .
E(X) = —#{(xi,xk) (B(xi,x) =1, 4, k=1,... ,n}, 1=0,1,...,s.
n

N THIFRATTIN U T ST GMAME AT ZH 25 B Schur ™ EEEL R RIBE . FROE 38 s ] 3 B 25
PR AT,

b ] ) NS

r=1

VERIE R R
s—xz\ ] 0 ifs—j<x<s
i) %(s—x)---(s—x—j—i—l) fo<z<s—j

5



. EXD;(X) = /1h;(B(X)), FHAREEA R [ (D (X)), . .., Dy(X)) A X (n, ¢°)

i 774 (deviation pattern).

Theorem 3 fhi 57 AR BETHX (n, ¢ )WE N (G =1,...,8) IEAPEMIFLE:

1 (i,oly) T 2
DX = 5, X, (W - 5 5)

q]

HAskAes, 55, 45fE S 5 % o N s, LA
1<l <<l <s 1<ay,...,a;<q

FATA IR 71, ., 7y TS50 S H

XA E UL, 5 B AN A AR, FEHD;(X) =0 (G <) MHAYE
WX(n,q®) ZMEMIEARZER. HTD;(X) = /¢;(B(X))& KT B(X)ISchur ™ B %L, FAl
AT DURR A 2 BELFN273 3 R [ K4S .

Corollary 1 XfU(n, ¢*)PIEITFXy, Xo, B(X1) < B(Xa) EMA MR A3 D; (X)) <
D;j(Xo)Xfj=1,..., sl AL, JFH, AR

D; = \/n(n —1)g (5 ; ﬁ) +ng=i(1 - ng—9) (j)

W22 G BRI, FRATAT DA T T I B
Theorem 4 XAEE R X (n,¢%), &) AR TT

2 J

D?(x);”Z(?‘k>Ak(x), forj=1,...,s. (6)

27 _
q¥ = \j—k

FIGMAYE AL, AR AT 5 R 7 1) R R S5 4 S 0, FH 8 0 7= B AN [/ e v 11
i A R HAn S0, R RORT R AE S — A A R BN R = AR LA
LRI IR H, BEX TR AR R EEX o/, M HAU X < K D;(Xy) = D;j(Xs) I
H.Dp(X1) < Dp(Xg)o IXEERIZEM O ZR AT LR A :

ER T T EBRBN T, —NEEAA S LR MEM e 4 B4 e 4
AR Schurvb Fb32 T 2 Schuriz 4.

[FIRE, FRATATEAAE S SO N A3 2156 1) i MIEBHE AR #E (benchmark)
Theorem 5 XfU(n, ¢*) PHIBIHX, Xo, B(Xy) < B(Xo) HIKA
(A1(X1),..., A(X1)) E (A1(X2), ..., Au(X2)).
)T SRR AR
(AL, A9 FE (AuX), ..., A(X)),

KA G=1,...,8) HA = (1- L) T _o(~1)"(¢— 1 (%) 20) + 52 (). ix

n w=0 7

FEMI (AL, ... AY) nTRLE RO SR MRBT IR AR — N EHE Cbenchmark) o



4. B HEISchur™ thi

%1511 1F 3 MFang and Wang —JUt/UFEEEH DI, O TR 290~ E &t s, H
A1) Z: W Fang (1980), Wang and Fang (1981) MlFang and Wang (1994). T, ATt H#
N FH T R PR, B T ARRRR AR A A S R R IR A SORE P HEZE
KMV 35, JUIIEAT JUAE AR B — 6 i 2 0 5

Fang and Wang (1994) & i3CR FH AL 22 K D a0 50 0 2 TR i 3 23 M . 18 F (%)l s 56 8
XS0 A A8 E, (x) A BT X (n, ¢°) IR0 A3 A bR 8. D S0 3% 7 b 100 O 22 A
—FYERL| F (x) — F(x)|| (3 WHickernell, 1998) o S 2. oAb Lofii 22 LA K 7] 35 7Y Lo fi
2258 AR FAL S 7 AR B, B B 2 (Hickernell and Liu, 2002; Fang, Lin and Liu, 2003b)&
NAEME T REX = {1,...,q}° ko W ATE Eib e S o 22, i H AR A R0
7% (A (Hickernell, 1998)(%) & X J5 i B ml il —F o FHAEK(x, w)tX x X EIRsER i, K
F(x,w)BH e HAEIEE (B0 Wahba (1990)) . IRATEE NI K E, Xta > 0
Fo<p<1,

a ifz;=w;

w) = HKd(xjawj) with  Kq(2;, w;) :{ pa otherwise

T H Lo i 22 W] ASRIE

1
2

DL = { [ Kalx w0 - B ldIFw) - Fuw]}
R e TR, RATA

(DLQ(X) =—u’ + Z HKd l'zjaxkj (7)

i,k=17=1

Hrpp =31 _ Kq(1,a)/q=a[l + (g —1)p]/q. HHULFI W, BSHUR 2D Ly (X) 0] LAZIE 4 R
LR O

Theorem 6 X UK I X(n,¢%), & XFE SchurktZ 0 R AT 43 B HR200R 4

m

§BX) = o, 0<p<l. (8)
r=1
OB A ) T DA
S 2 S
(DLa(X))? = =" + = + =26, (B(X)).

IFHERT A

n

(DLAX»2Z<1+m~4mﬁ_[y+@—1mr>a5



L Lo i 22 LUK AT 265 2 Lo i 22 A A 238 s 1

n S

13\s 2 1 1 1 1
CLa(X) = {(12) o STL [+ gl 1= 50— 5

i=1j=1

WL,(X) II B = |k — Ty (1 — |2k — ’i‘kj|)] }

=1j=1

|
——
—
[SSRITSN S
~—
»
+
:w"—‘
7=

X = (ahy), PhACPEEy = 2250 0 MRACT &AL, SWIRl R 2 B 15 8 R 2 U
F: AR 0 B O T Hamming B B R o JE0(8) PR BRIGIERIME o, JRATTT LUK AP 2
TH I ORI AT 45 7Y Lo i 25 245 B Majorization R LA HESE .

Theorem 7 X} — /K- UM 11X (n, 2¢),
® 13\° 35\ °
) 24 (B(X)) + ] + (12) - <32>

(- () ()
DG -6

w00 = & (3) et +a] - (3)

N CANE ANV
n \2 ) Tal\z) ~\5) -
FiRE T CLy, WLy and DLo%5 i1 R AR Sk Fang and Mukerjee (2000) LA & Fang,
Lin and Liu (2003) (145 4t —301); X T ARl S EE Bt is 3.

2 = (3

WP = o (3

v

~_— —— ~——~ —
w
\
@
_|_
S

5 KT U B X (n, 3°),

5. EUNIBTE I 2 R

T JLEBM AR (Booth and Cox, 1962; Lin, 1993) % 3| T # KM Z (K5, B2 E
WRIE T . AWM EELE =M. B(s?). Ave(x?) FlAve(f?), ‘©A1) 2 Huk535 H
KAT I =K =K B 2K R R vk . AT SR, 1 Rk 2 IR
fISchur ™ k% BR 08 T LA 78 23 3R 3K eI, Iz 48—



AT BT X (n, ¢°) I Z 8 Ln < s(q—1). sFI Xy, ..., X@)o g = 2, Booth and
Cox (1962) /M4 T E(s*)HEN:

B(s) =y D XXy
() 1<j<i<s
FErP IR gy R ) IR e o (-1, 1), fi@-)f{(z)ﬁﬂgﬂ TN Yg = 3, Yamada and Lin
(1999) & X T

—_

Ave(xz):<s) > G x)
2) 1<j<i<s
Hrfg ,
9 ,
NGy xm) = o Do (N, =n/9)”
T1,T2:1

& F 2K FRBIWAI BT, Fang, Lin and Ma (2000) K5 b3 FuEIHE Ky
1 )
Ave(f?) = O S,

2/ 1<j<i<s
/\q:l q
=Y (NI —n/é).
T1,T2=1
WHERRT &y = 452 (NI, —n/a)2 T, 1R LK SeME WA 5 =15 5 XLt 57
RIS AN DL ARH R AR EH3, FATAAEG BT 1k R
o 32D3 o 162D3 o 2¢°D3
E(S )_ 8(8—1)7 AVe(X )_ ns(s_l)v Ave(f )_ S(S—].).

DR FRATT AT LA ] i S 25 ) SRS AT 0 BR TL RV T R I SBHE DN . 55 = 20, AH Y R % ek BT
A e — Uk 2 I 7 K

D2(B(X)) = D57 — (25 = 1)B, +5(s — 1). 9)

r=1
JIGUEG B SR FAT T T LAAS 211 1 ) 5 B

Theorem 8 JBIEAIEIX (n, ¢)MHEN E(s?) Ave(x?) FlAve(f?), FKH IR Z K Schur™
%R (9), BAHT

s 2 _ 16 n — n2 M
=2 B = [ a(BR) +n 2
| 36 2n(2s —n +1)
at g = 3: Ave(x®) = m¢2(ﬁ(X)) omm 2 m
. o_ 4 Lo mPa=Dl@—Ds—n—1]
generally: Ave(f) = (s — 1)¢2(IB(X)) + e 2 (s —1)(n—1)

X BB R AER 2 J BR A5 R 2 — 201, 2 WNguyen (1996), Yamada and Lin
(1999)#1Fang, Lin and Ma (2000). 182 HIk 2R 50 AT T #RREIA BIIX 28R Ft .

9



6. WG

FMajorization /7 22k L 884 JE P 125 ) 2 H SR AR ) PR i — MRS . MWL B, X2 IR 5K
56 s [R] R AH FLE S S W et 2y A1 o FRATIIF EL AT DR SR 3 i 128 5 SR e (R AR AE ), A S A I 152 v
(R IEASVERNI AR o FRATIFT S 42 BRI b S B AR BE R 2 IR M BRI T, B it 9 1 (1) 27K~ 3%)
AV M ZEVE T (RIS SRR M SR S T B L B v i, IR ST TS B il j . AL
Hh— G R UE B A B SR L.

Proof of Lemma 1: Each factor in a U-type design X(n, ¢°) has ¢ different levels all appearing
n/q times, so we have >}, (X, Xjw) =n —n/q and

Xn:zn:ﬂ(xmck ZZ (Za Xiws Xiew ) = sn <n—Z)

=1 k=1 w=0 i=1

Note that 3(x;,x;) = 0. Then for the PDV that collects 3(x;,x;) for i < j, its elements sum

1
up to 3 >0, i1 B(xisx;), Le. (]27‘9”2

Proof of Theorem 3: Define the indicator variable

1 if the column group {l1,...,1;} takes the same
level combination on runs x;, X
0 otherwise

and it can be verified that
n n 2
zﬁ“$“W) ----- > st = 3, [N
=1 k=1
). Then we have

=n(;
oo - 2787 ‘@) 5() ()

RO

i=1 k=1 q
_ gt ”2<8
2
= Z Z |: 7-1, ,TJ ] - ;;(j)

By the method of variance decomp051t10n

5 (- ) ZZQ“W”W””)
..... ¢ eeey ¢ T1yeensTj q2]

|
5@
ai =
()
<
q
N——



equation (5) follows and the theorem is proved.

Proof of Theorem 4: Denote as X, the j-factor sub-design corresponding to the subset
v={l,...,l;} of {1,...,s}. For X,(n,¢?),

rroc) = 53 (51)+(0) (5-)

where Eo(X,) is defined right below (3
Ai (XU)7S

~

and it can be expressed through the summation of

w1 0, )| = a(x,) (10

which will be verified at the end of this proof.
From Theorem 3, we can derive that D;(X) can be expressed through the root mean square
of D;(X,) for all the j-factor sub-designs, i.e.,

= Z DJQ(XU)
\/ lv|=j

With reference to the definition of GWP (2) through contrasts and further to Xu and Wu (2001),
2
let us write Ax(X,) = &% 3 |[xu(Xy)

- where {xu,u € GF/(g)} are given orthonormal
contrasts and wt(u) is the number of non-zero elements of u. Then, we can show the deviation

wt(u)=k

pattern more explicitly through contrasts.

D= B Y Y Ax) - E YT Y

|v|=7 k=1 |[v|=7 k=1 wt(u)=k

Please note an important fact that each contrast yy(X,) of the sub-design X, is also a
contrast of X(n,¢®). It corresponds to such xw(X) (w € GF®(q)) that w coincides with u at
the positions of v = {1, ..., s} and has null elements elsewhere. For each subset v of {1...,s},

let us denote by €2, the set of such specific w’s. Then, we have

DiX) = 2JZZ > )]

k=1 |v|=j WEQ,

1 I (s—j 2
- q2j2<j—k) > )

k=1 wt(w)=k

By writing 2> ‘Xw (X) ‘ back to Ax(X), equation (6) is proved.
w (w) k
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Let us now verify (10) for X(n,¢*) through Krawtchouk polynomials. For an integer { (0 <
1 <'s) and any real number y, Krawtchouk polynomials P;(; s, q) have the following property

jéﬂﬂwywj=ﬂ+%q—Um*%1—w5

By setting y = 1, we have

S

ij(O;SaQ):qs; ZPj(l;S,q):(), forl=1,...,s.

=0 =0
By Po(l;8,q) =1 and MacWilliams expression (3) for A; to As:

" [1 * Zj‘:l Aj(x)} = "+t ZZEI(X)Pj(l; $,q)

j=1 1=0

S

= n+ Y EX) | Pilis.g)—1
=0

Jj=0

= ¢ Ep(X).

Proof of Theorem 6: As the Schur-convex kernel chosen separable exponential (8), the squared

discrete Lo-discrepancy (7) can be expressed by

S 1 = X, X s— Xi Xk
[DLo(X)]? = —u +—222(pa)5( Xk s—B(%i Xy

Its lower bound can be obtained from Theorem 2.
Proof of Theorem 7: For two-level designs, Xij € {0.25,0.75}, and

u 1 1 1 <~ [56 1, - -
H{1+832}+n? 2 HLQ'XMXM'
=1

n

CLX)? = (5) -2

=17 i,k=175=1
13\ 35\ 1 g (5T ex)
= (1) 2(2> m;;@
15\ S (4 x) g3y 35\ °
= 712(4) ;;(5) +(13) —2(32)

12



B ()G (),
;ék: <g>s—ﬂ(xz-7x;c) (i>ﬂ(xi,xw

( ) () -6y
- (8 a0+ 1))

i=1 k=1
For three-level designs, X,; € {1/6,3/6,5/6} and | X}, — ij|<1 — | Xy — ij|) takes only

(WLy(X))?

I

[
/_\

ST
N———
®

| ot

[v)

two possible values of 0 and 2/9. The exponential base can be calculated through

2
T

N
Rell )

p:

Thus, proof for ¢ = 3 is similar to WLs(X) at ¢ = 2. The lower bounds for either C'Ly- and
W La-discrepancies can be readily derived by Theorem 2.
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